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1. Introdution
If X is a omplex projetive manifold whih arries a ontat struture, then the
results of [Dem00℄ and [KPSW00℄ show that X is either isomorphi to a proje-
tivized tangent bundle of a omplex manifold, or that X is Fano and b2(X) = 1.
In this paper we study the latter ase where X is Fano. It is generally believed
that these assumptions imply that X is homogeneous for an introdution, see the
exellent survey in [Bea99℄.
It follows from our previous work [Keb00℄ that X an always be overed by lines.
Thus, it seems natural to onsider the geometry of lines in greater detail. We will
show that if x ∈ X is a general point, then all lines through x are smooth. If
X 6∼= P2n+1, then the tangent spaes to these lines generate the ontat distribu-
tion at x. It follows that the ontat struture on X is unique, thus answering a
question of C. LeBrun [Leb97, question 11.3℄. The result was previously obtained
by C. LeBrun [Leb95℄ if X is a twistor spae.
A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of RIMS in Kyoto. The author is grateful to Y. Miyaoka for the invitation and
to the members of that institute for reating a stimulating atmosphere. He would
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2. Setup
2.1. Contat Manifolds. Throughout the present work, let X be a omplex pro-
jetive ontat manifold of dimension 2n+ 1. By denition, the ontat struture
is given by a sequene of vetor bundles
0 F TX
θ
L 0
where L is of rank 1 and the ontat form θ ∈ H0(Ω1X ⊗ L) yields a nowhere
vanishing setion
θ ∧ (dθ)∧n ∈ H0(KX ⊗ L
n+1)
it is an elementary alulation to see that θ ∧ (dθ)∧k is a well-dened setion
of Ω2k+1X ⊗ L
k+1
for all numbers n ≥ k ≥ 1. In partiular, we assume that
−KX = (n+ 1)L.
The assumptions imply that the natural map [, ] : F ⊗ F → L derived from the
Lie-braket is non-degenerate. In view of the Frobenius theorem this means that
if Y ⊂ X is an F -integral submanifold, i.e. one where TY ⊆ F |Y , then dim Y ≤ n.
If Y is of maximal dimension dim Y = n, then Y is alled Legendrian. Note
that some authors (e.g. [Hwa97℄, [KPSW00℄) prefer to use Lagrangian instead of
Legendrian.
The usual Darboux theorem of real ontat and sympleti geometry applies
equally well in the omplex ase. Thus, for any point x ∈ X we an nd oordinates
(zi)i=1...2n+1 entered about x and a bundle oordinate for L so that we an write
θ = dz2n+1 +
∑
i=1...n
zidzn+i
In partiular, we remark the following:
Remark 2.1. If x ∈ X is any point and ~v ∈ TX,x any tangent vetor, then there
exists a Legendrian submanifold U ⊂ X whih ontains x and is transversal to ~v,
i.e. ~v 6∈ TU |x.
2.2. Parameter spaes. For the benet of readers oming from dierential geom-
etry we will briey reall some fats about the parameter spaes whih we will use
in the sequel. Our hief referene will be [Kol96, hap. II℄, and our notation will be
ompatible with this book. Mori's paper [Mor79℄ on the Hartshorne onjeture is
also reommended for these matters.
If V is any projetive manifold and C a projetive variety, then we will of-
ten parameterize those morphisms from C to V whih are birational onto their
images. In fat, there exists a sheme Hombir(C, V ) whose geometri points or-
respond to these morphisms. Furthermore, there exists a universal morphism:
µ : Hombir(C, V ) × C → V . We refer to [Kol96, hapt. II.1℄ for an authoritative
referene on this.
The tangent spae to Hombir(C, V ) is desribed as follows: If a birational mor-
phism f : C → V is given, then the (Zariski-)tangent spae of Hombir(C, V ) at f
orresponds naturally to setions in H0(C, f∗(TV )).
If c ∈ C and v ∈ V are (geometri) points, the subfamily of morphisms map-
ping c to v is usually denoted as Hombir(C, V, c 7→ v). The tangent spae to
Hombir(C, V, c 7→ v) at a point f orresponds to H
0(C, f∗(TV ) ⊗ Jc), where Jc is
the ideal sheaf of c.
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In the speial ase that C ∼= P1, and f ∈ Hombir(P1, V ) a morphism whose
image ontains a point v ∈ X , the Riemann-Roh theorem yields an estimate for
the dimensions of the deformation spaes
dim[f ]Hombir(P1, V ) ≥ −KV .ℓ+ dim V
dim[f ]Hombir(P1, V, [0 : 1] 7→ v) ≥ −KX .ℓ
(2.1)
where ℓ := Image(f). See [Kol96, prop. II.1.13 and thm. II.1.7℄ for an explanation
and a proof.
The group PSL2 ats on the normalization Hom
n
bir(P1, V ) of Hombir(P1, V ), and
the geometri quotient in the sense of Mumford [FM82℄ exists, see [Mor79, lem. 9℄.
More preisely, by [Kol96, thm. II.2.15℄ there exists a ommutative diagram
Homnbir(P1, V )× P1
U
µ
Univrc(V )
ι
π
X
Homnbir(P1, V )
u
RatCurvesn(V )
(2.2)
where u and U are prinipal PSL2 bundles, π is a P1-bundle and the restrition of
ι to any ber of π is a morphism whih is birational onto its image. We all the
quotient spae RatCurvesn(V ) the parameter spae of rational urves on V . The
letter n in RatCurvesn may be a little onfusing. It has nothing to do with the
dimension of V , but serves as a reminder that the parameter spae is isomorphi
the normalization of a suitable quasiprojetive subset of the Chow-variety.
2.3. Lines. Unless otherwise mentioned, throughout this work we will assume that
X is Fano and that b2(X) = 1. In this setup it follows from the lassi work of Mori
([Mor79℄, but see also [CKM88, let. 1℄) that we an nd an irreduible omponent
H ⊂ RatCurvesn(X) with the following properties:
1. the evaluation morphism ι is dominant
2. if x ∈ X is a general point, then the subfamily Hx := π(ι
−1(x)) ⊂ H (i.e. the
subfamily whih parameterizes urves ontaining x) is ompat.
3. if ℓ ⊂ X is a urve whih is assoiated with a point of H , then
1 ≤ −KX .ℓ ≤ dimX + 1.
Sine X is a ontat manifold, we have that −KX = (n+ 1)L, and it follows from
point (3) that either L.ℓ = 2 or L.ℓ = 1.
If L.ℓ = 2, then the estimate (2.1) shows that
dimHombir(P1, X, [0 : 1] 7→ x) ≥ −KX .ℓ = dimX + 1.
Beause there is a 2-dimensional group of automorphisms of P1 whih x [0 : 1],
the assumption that L.ℓ = 2 implies
dimHx ≥ dimX − 1,
and it follows from the generalized Kobayashi-Ohiai theorem of [Keb00, thm. 3.6℄
or [KS99, thm. 0.2℄ that X ∼= P2n+1. For that reason we assume in the sequel that
L.ℓ = 1. We all ℓ a ontat line.
Remark 2.2. The assumption that L.ℓ = 1 implies that the irreduible omponent
H ⊂ RatCurvesn(X) is ompat. See [Kol96, prop. II.2.14℄.
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Remark 2.3. Let f : ℓ˜ → ℓ be the normalization. Sine ℓ˜ ∼= P1, and Tℓ˜
∼= OP1(2),
it is lear that the map Tℓ˜ → f
∗(L) must be trivial. It follows that Tℓ|x ⊂ F |x for
all smooth points x ∈ ℓ. We say that ontat lines are F -integral where they are
smooth.
3. Deformations of lines
We will show that lines passing through a general point are smooth. For this, we
employ deformations of lines in order to obtain setions of L. The following loal
proposition shows that there are severe restritions for suh setions to exist.
Proposition 3.1. Consider a family of morphisms Φt : ∆C → X written as
Φ : ∆H ×∆C → X
(t, z) 7→ Φt(z)
where ∆H and ∆C are unit disks. Assume that for all t ∈ ∆H the image Φt(∆C)
is F -integral, i.e. assume that Φ∗(θ)
(
∂
∂z
)
≡ 0. If
σ = Φ∗0(θ)
(
∂
∂t
)
∈ H0(∆C ,Φ
∗
0(L))
vanishes at 0 ∈ ∆C but does not vanish identially, then σ vanishes with multipliity
at least two if and only if
Φ∗(dθ)
(
∂
∂t
∣∣∣∣
(0,0)
,
∂
∂z
∣∣∣∣
(0,0)
)
= 0.(3.1)
Remark 3.2. The exterior derivative dθ whih appears in equation (3.1) depends
on a hoie of bundle oordinates for L and is therefore not well-dened. Note,
however, that the requirement σ(0) = 0 implies that TΦ
(
∂
∂t
|(0,0)
)
∈ F |Φ(0,0), where
TΦ is the tangent map assoiated with Φ. In this setting an elementary alulation
shows that the validity of equation (3.1) does in fat not depend on the hoie of
bundle oordinates.
Proof. Reall the following formula: if ω is any 1-form on a manifold, and ~X0 and
~X1 are vetor elds, then
dω( ~X0, ~X1) = ~X0(ω( ~X1))− ~X1(ω( ~X2))− ω([ ~X0, ~X1]).(3.2)
See e.g. [War71, prop. 2.25(e) on p. 70℄ for an explanation. We hoose loal bundle
oordinates on Φ∗(L) and apply equation (3.2) with ω = Φ∗(θ), ~X0 =
∂
∂z
and
~X1 =
∂
∂t
. Sine
∂
∂t
and
∂
∂z
ommute and Φ∗(θ)
(
∂
∂z
)
≡ 0, we obtain
∂
∂z
Φ∗(θ)
(
∂
∂t
)
= dΦ∗(θ)
(
∂
∂t
,
∂
∂z
)
.
Note that dΦ∗(θ) = Φ∗(dθ) and evaluate at t = 0, z = 0.
Another argument whih uses the deformation of lines shows that most lines are
smooth.
Proposition 3.3. If x ∈ X is a general point and ℓ a ontat line passing through
x, then ℓ is smooth.
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Proof. Assume to the ontrary, i.e. assume that for a general point x ∈ X there
exists a singular line ℓ passing through x. Reall that the rational urve ℓ an
always be dominated by an integral singular plane ubi, i.e. by a rational urve
with a single node or usp. We will reah a ontradition by onstruting a setion
of the pull-bak of L to the plane ubi whih vanishes at a presribed generially
hosen point. This setion will be onstruted by a deformation of the singular
urves.
Beause x was hosen to be general, there exists a singular (i.e. uspidal or nodal)
plane ubi C ⊂ P2 and an irreduible omponent H ⊂ Hom
birat(C,X) suh that
the universal morphism µ : H × C → X is dominant and suh that for all f ∈ H
we have deg f∗(L) = 1.
Fix a general morphism f ∈ H and note that there is an open set U ⊂ C suh
that for all c ∈ U , the tangent map of the restrited morphism µc := µ|H×{c} has
maximal rank at f :
rank[f ] Tµc = dimX = 2n+ 1.
Reall from [Har77, II.6.10.2, II.6.11.4 and Ex. II.6.7℄ that the smooth points of C
are in 1:1-orrespondene with line bundles of degree one, and x a point c ∈ U
suh that OC(c) 6∼= f
∗(L).
Next, let UX ⊂ X be a Legendrian submanifold of X whih ontains x and
is transversal to f(C) at x. By remark 2.1, these exist in abundane. Sine µc
has maximal rank, we an nd a setion UH ⊂ H over UX , i.e. a submanifold UH
suh that µc|UH : UH → UX is an isomorphism. By onstrution, µ(UH × C) has
dimension n+ 1 and annot be Legendrian. It follows that there exists a unit dis
∆H ⊂ UH with oordinate t entered about f = {t = 0} suh that
σ := f∗(θ)
(
∂
∂t
∣∣∣∣
t=0
)
∈ H0(C, f∗(L)) \ {0}.
For this, reall that the tangent vetor
∂
∂t
|t=0 ∈ TH|f is anonially identied with
an element in H0(C, f∗(TX)). By hoie of UH, we have σ(c) = 0. By hoie of c,
this is impossible, a ontradition.
It is an immediate orollary that a tangent morphism exists.
Corollary 3.4. If x ∈ X is a general point, then there exists a tangent morphism
τx : Hx → P(F
∗|x) whih sends a line ℓ to its tangent spae Tℓ|x ⊂ F |x.
The morphism τx was already studied in [Hwa97℄. It was, however, not all lear
at that time that τx really is a morphism and not just a rational map. See [Keb00℄
for a weaker but more general result.
Finally, we remark that deformations of lines through a general point are unob-
struted in a strong sense.
Lemma 3.5. If x ∈ X is a general point and ℓ any line through x, then
TX |ℓ ∼= Oℓ(2)⊕Oℓ(1)
⊕n−1 ⊕O⊕n+1ℓ .
Proof. It follows from the denition of the ontat struture that F ∼= F ∗ ⊗ L.
Sine L|ℓ ∼= Oℓ(1), and sine vetor bundles on P1 always deompose into sums of
line bundles we may therefore write
F |ℓ ∼=
n⊕
i=1
(Oℓ(ai)⊕Oℓ(1− ai))
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where ai > 0. Thus, the splitting of F |ℓ has exatly n positive entries. It follows
that the splitting of TX |ℓ has at most n positive entries. By [KMM92, prop. 1.1℄,
TX |ℓ is nef, and sine c1(TX |ℓ) = n+ 1, the laim follows.
We will apply lemma 3.5 to study the lous of lines through a general point. For
this, x a general point x ∈ H , dene the subfamily Hx ⊂ H as in setion 2.3 and
onsider the restrited diagram assoiated to diagram 2.2 on page 3.
U˜x
ι˜x
π˜x
locus(Hx) ⊂ X
H˜x
τ˜x
P(F ∗|x)
Here H˜x is the normalization of Hx, U˜x the normalization of the pull-bak
Univrc(X)×RatCurvesn(X) H˜x and locus(Hx) = ι(π
−1(Hx)). Reall from remark 2.2
that H and therefore Hx are ompat. In partiular, locus(Hx) is a proper subva-
riety of X .
It follows from [Kol96, thms. II.3.11.5 and II.2.8℄ that H˜x is smooth and π˜x a
P1-bundle. As an immediate orollary to the preeding lemma, we obtain that both
ι˜x and τ˜x are immersive.
Corollary 3.6. If x ∈ X is a general point, then
1. the universal morphism ι˜x : U˜x → locus(Hx) ⊂ X is a birational immersion
away from a setion σ∞ whih is ontrated to x.
2. the tangent map τ˜x : H˜x → P(F
∗|x) is also an immersion
Proof. The fat that ι˜x and τ˜x are immersive follows from [Kol96, props. II.3.4 and
II.3.10℄ and lemma 3.5. It follows from an argument of Miyaoka that ι˜x is birational
beause all lines through x are smooth. For this, see [Kol96, prop. V.3.7.5℄.
4. Lines through a fixed point
For a better understanding of ontat Fano manifolds, the lous of lines through a
given point is of greatest interest. The following proposition gives a rst desription.
This result is ontained impliitly in [KPSW00, set. 2℄ and we ould have used the
results of that paper here, but we prefer to give a short and self-ontained proof in
our ontext.
Proposition 4.1. If x ∈ X is any point, then locus(Hx) has dimension n and is
F -integral where it is smooth.
Proof. Sine −KX .ℓ = n + 1, it follows from the estimate (2.1) for the dimension
of the parameter spae that
dimHombir(P1, X, [0 : 1] 7→ x) ≥ n+ 2.
By Mori's bend-and-break argument [Kol96, thm. II.5.4℄, for a given point
y ∈ X \ {x}, there are at most nitely many lines ontaining both x and y. It
follows that
dim locus(Hx) = dimHom(P1, X, [0 : 1] 7→ x) − dimAut(P1, [0 : 1]) ≥ n.
Claim. The subvariety locus(Hx) is F -integral where it is smooth.
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Appliation of the laim. It follows immediately from Frobenius' theorem and
from the non-degeneray of the ontat distribution that dim locus(Hx) ≤ n, and
we are done.
Proof of the laim. Let y ∈ locus(Hx) be a general (smooth) point, ℓ ∈ Hx a
urve whih ontains x and y and is smooth at y. By general hoie of y, suh
a urve an always be found. Let f : P1 → ℓ be a birational morphism with
f([0 : 1]) = x and f([1 : 1]) = y. If
H ⊂ Hombirat(P1, X, [0 : 1] 7→ x)
is an irreduible omponent of the redued Hom-sheme whih ontains f , then we
have that
Tlocus(Hx)|y ⊂ Tℓ|y + Image(TH|f → TX |y)(4.1)
where TH|f is identied with H
0(P1, f
∗(TX) ⊗ OP1(−[0 : 1])) and the map
TH|f → TX |y is an appliation of the tangent map Tf and evaluation at y. In
other words, the tangent spae Tlocus(Hx)|y at y is spanned by the tangent spae to
the urve ℓ and by setions of f∗(TX) whih vanish at [0 : 1]. We refer to [Kol96,
prop. II.3.4℄ for a proof of (4.1).
In remark 2.3 we have already seen that Tℓ ⊂ F |ℓ so that it sues to prove that
Image(TH|f → TX |y) ⊂ F |y
In other words, we have to show that if ∆H ⊂ H is any unit disk entered about
f with oordinate t, then the setion σ ∈ H0(P1, f
∗(TX)) assoiated with
∂
∂t
|t=0
is ontained in H0(P1, f
∗(F )). For this, note that proposition 3.1 asserts that the
setion f∗(θ)(σ) ∈ H0(P1, f
∗(L)) has a zero at 0 ∈ P1 whose order is at least
two. But sine deg f∗(L) = 1, this implies that f∗(θ)(σ) vanishes identially. In
partiular, σ ∈ H0(P1, f
∗(F )).
This proves that Tlocus(Hx)|y ⊂ F |y. Sine y was hosen generially, locus(Hx) is
F -integral where it is smooth, and we are done.
Under the assumptions spelled out in setion 2, if x ∈ X is a general point, then
the ontat distribution F |x is generated by the tangent spaes to lines through x.
Hene, it is anonially given. Before starting the proof, however, it is onvenient
to introdue the following notation rst.
Notation 4.2. Consider the inidene variety
V := {(x′, x′′) ∈ X ×X | x′′ ∈ locus(x′)} ⊂ X ×X.
An elementary alulation shows that V is a losed subvariety of X ×X . We all
V the universal lous of lines through points.
Let π1, π2 : V → X are the projetion morphisms. Then for every x ∈ X we have
that (set-theoretially) π2(π
−1
1 (x)) = locus(Hx). It may well happen that π
−1
1 (x)
is not redued for speial points x ∈ X .
If Y ⊂ X is a subset, we shall write V |Y for π
−1
1 (Y ).
Lemma 4.3. Let V ⊂ X×X be the universal lous of lines through points whih we
dened above. Let ∆ be a unit disk with oordinate t and γ : ∆→ X an embedding.
Then there exists an open set V 0 ⊂ V |γ(∆) suh that π2(V
0) is a submanifold of
dimension
dimπ2(V
0) = n+ 1
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In partiular, by Frobenius' theorem, π2(V
0) is not F -integral.
Proof. We have already seen in proposition 4.1 that π1|V is equidimensional of
relative dimension n. Thus, V is a well-dened family of algebrai yles over X in
the sense of [Kol96, I.3.10℄ and the universal property of the Chow-variety yields a
map φ : X → Chow(X) suh that V is the pull-bak of the universal family over
Chow(X). Beause dim locus(Hx) = n < dimX , it is lear that the image of φ
is not a point. Use the assumption that b2(X) = 1 to obtain that φ is atually a
nite morphism. Beause two redued algebrai yles are equal if and only if their
supports agree, it follows that for a given point x0 ∈ X , there are at most nitely
many points (xi)i=1...k ⊂ X suh that
locus(Hx0) = locus(Hxi).
In partiular, if V 0 ⊂ V |γ(∆) is an open set suh that π2|V 0 is an embedding, then
π2(V
0) has dimension n+ 1. Hene the laim.
With these preparations we an now start the proof of the main theorem of this
work.
Theorem 4.4. If x ∈ X is a general point, then F |x is spanned by the image of
the tangent map τx.
Proof. Our argument involves an analysis of the deformations of locus(Hy) whih
are obtained by varying the base point y. We shall argue by ontradition and
assume that the assertion of the proposition is wrong. With this assumption we
will onstrut a family of morphisms P1 → X whih ontradits proposition 3.1,
and we are done.
We will now produe a map γ to whih lemma 4.3 an be applied. Assum-
ing that the statement of the proposition is wrong, we an nd an analyti open
neighborhood U = U(x) ⊂ X and a subbundle F ′ ⊂ F |U suh that
1. For all y ∈ U , the vetor spaes F ′|y and Span(Image τy) ⊂ F |y are perpen-
diular with respet to the non-degenerate form F ⊗F → L whih omes with
the ontat struture.
2. All lines through U are smooth.
After shrinking U , if neessary, let ~v ∈ H0(U, F ′) be a nowhere-vanishing vetor
eld. Thus, if y ∈ U is any point and ℓ ∋ y is any line through y, then
Tℓ|y ⊂ ~v(y)
⊥,(4.2)
where ⊥ again means: perpendiular with respet to the non-degenerate form on
F . Let ∆ be a unit dis with oordinate t and γ : ∆ → X be an integral urve of
~v with γ(0) = x.
Now let H ⊂ Hombir(P1, X) be the family of morphisms parameterizing the
urves assoiated with H . Set
H∆ := {f ∈ H | f([0 : 1]) ∈ γ(∆)}.
If µ∆ : H∆ × P1 → X is the universal morphism, then it follows by onstrution
that
µ∆(H∆ × P1) = π2(V |γ(∆)) ⊃ π2(V
0).
In partiular, sine π2(V
0) is not F -integral, for a general point (f, p) ∈ H∆ × P1
there exists a tangent vetor ~w ∈ TH∆×P1 |(f,p) suh that the image of the tangent
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map is not in F :
Tµ∆(~w) 6∈ F
Deompose ~w = ~w′ + ~w′′, where ~w ∈ TP1 |p and ~w
′′ ∈ TH∆ |f . Then, sine f(P1) is
F -integral, it follows that Tµ∆(~w
′) ∈ F and therefore
Tµ∆(~w
′′) 6∈ F.(4.3)
As a next step, hoose an immersion
β : ∆ → H∆
t 7→ βt
suh that β0 = f and suh that
Tβ
(
∂
∂t
∣∣∣∣
t=0
)
= ~w′′
In partiular, if σ ∈ H0(P1, f
∗(TX)) is the setion assoiated with ~w
′′ = Tβ( ∂
∂t
|t=0),
and σ′ := f∗(θ)(σ) ∈ H0(P1, f
∗(L)), then the following holds:
1. it follows from (4.3) and from [Kol96, prop. II.3.4℄ that σ′ is not identially
zero.
2. at [0 : 1] ∈ P1, the setion σ satises σ([0 : 1]) ∈ f
∗(Tγ(∆)) ⊂ f
∗(F ). In
partiular, σ′([0 : 1]) = 0.
3. If z is a loal oordinate on P1 about [0 : 1], then it follows from (4.2) that
∂
∂z
|[0:1] ∈ f
∗(F ) and σ([0 : 1]) ∈ f∗(F ′) are perpendiular with respet the
the non-degenerate form.
Items (2) and (3) ensure that we an apply proposition 3.1 to the family βt.
Sine the setion σ′ does not vanish ompletely, the proposition states that σ′ has
a zero of order at least two at [0 : 1]. But σ′ is an element of H0(P1, f
∗(L)), and
f∗(L) is a line bundle of degree one. We have thus reahed a ontradition, and
the proof of theorem 4.4 is therefore nished.
It follows that there are only two types of ontat manifolds whose struture is
not unique.
Corollary 4.5. If X is any omplex projetive ontat manifold with more than
one ontat struture, then either X ∼= P2n+1 or X ∼= P(TY ) for a manifold Y
whose tangent bundle TY has bundle automorphisms.
We refer to [KPSW00, set. 2.6℄ for a study of the dierent ontat strutures
on P(TY ).
Proof. By [KPSW00, prop. 3.1℄, the anonial bundle ωX is not nef. But then it
has already been shown in [KPSW00, thm. 1.1℄ that X is automatially of type
P(TY ) if b2(X) > 1. We may therefore assume without loss of generality that X is
Fano and that b2(X) = 1.
Let x ∈ X be a general point, and ℓ ∋ x a minimal rational urve through x.
It follows from the lassial argument of Mori that −KX .ℓ ≤ dimX + 1. Sine
X is a ontat manifold, −KX = (n + 1)L so that L.ℓ ∈ {1, 2}. If L.ℓ = 2, then
X ∼= P2n+1. If L.ℓ = 1, then theorem 4.4 shows that the ontat distribution F is
anonially dened, hene unique.
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